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BACKCROSSING: A
MATHEMATICAL MODEL
IN DEYAIL



Problem Statement

® We have a plant, say “Bess Ross” which
IS red but not well branched.

® We have another plant, say H multiflora
which is branched but not red.

® We desire a red-branched plant which
has all the characteristics of Bess Ross
but it must have branching

® We want to “drive” branching into Bess
Ross
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Restatement in Genes
Recurrent X1X2 Qoo ao 'XN

Assume a Red
“Bess Ross” with no

branching. X1X2XN

Non Recurrent: yl y2 Cranen yN

Assume a species H

multiflora with

branching. Assume o

y2 is the branching yl y2 yN
gene.

Desired: A Red X1y2XN

Bess Ross like

plant but with
branching. Xl y2 nrenrs 'XN
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To get F1 we cross the two original plants to obtain:

Xy Xgerrren Xy
V1YY

No we assume that x2 is recessive and y2 dominant. This means that we
get the branching we were seeking. However we get everything else in
the mix. Namely we have all the other y genes. We want to have only y
and no other y genes.




F2: We cross the F1 with the Recurrent parent.

Then select the branched plants only. This yields genes
which are a mix. We assume we have no linkages for

simplicity. Furthermore we see we have a 25% chance
of there being a y gene at each of the loci except the
position because we deliberately always choe
branching.
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F2 gene sequences may be the following if we let N=2

X]_ X2 Xl X2
X
Y1Y> %X

x1 yl X2 y2
x1 x1x1 x1lyl X2 X2X2 X2y2
x1 x1x1 x1lyl X2 X2X2 X2y2

Total of 4 possible in the 1 cross and 4 in the 2 cross for a total of 16
possible crosses. However we seek only the y2 crosses smc
branching. Thus there are 8 possible outcomes that rete
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F2 gene sequences may be the following if we let N=2

%1% %145
X
¥1Yo %145

Retain Branching

X X, X X5
XY,

4 of
These
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F3: We cross F2 with the Recurrent Parent.

X Xponnn Xy
) SO
YiYoueoee: Y X 1%
X, Xy eerenn.
X Xponnn Xy
lez """" yN By back crossing but by

selecting the branched one
each time to backcross we
retain y2 but we slo
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For F3: We consider the 2 gene case again.

XX
Y2 XX,
XX XX
Y1Y5

Cross A

Cross B

%% %%
We get 4 from

Cross B and yl y2

none from
Cross A
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For F4. We consider the 2 gene case again and we then iterate.

Cross A X]_ X2

25% of

population X]_ y2

Cross B

X4

50% of
population y]_ y2

We get 1/2 of
Ya0r 12.5%
from Cross B
and none from
Cross A

Xl XZ
%4

%1%
Y1Yo

X4
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® We get more and more homozygous on
gene 1 and we keep y2 on gene 2.

® The same percent would be the case
across all genes!

® Consider the model using 4 Genes



Algorithm for Backcrossing



Bess RossS H multiflora

\/

F1 with
branch

F2 with
branch

F3 with
branch

F4 with
branch

F5 with
branch




Detalls



Detailed Example

@ Consider a 4 Gene Case. Assume we want
to insert y1 into the genome of the x
sequence. Assume further that y1 Is
dominant.

® For example, we want branching from a H.
multiflora to be placed into a red “Bess Ro0SS’

@ Example can be generalized to N genes and
even M characteristics to be “driven: in from
Non Recurrent into the Recurrent.
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The F1 cross is as follows. All F1 are identical. We a
that both initial parents are homozygous. Namely they
have identical genes on both chromosomes. We further
assume that there is no linkage.

X, X, X, X, YiYoYsY.
X, X, X, X, YiYoYsY.

Bess Ross H multiflora

Xl X2 X3 X4
Y1Y2Y3Y,

SS0JD) <«
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Let X

_ {X1X2 X3 %4
X Ko X3 Xy

define

5 X, XX, |
)(()={234>

s
~ X, X, X
X1={234>

X, X5 X,

P

YaXsXy |

( )

~ X, XL X

X, =1 27374 >or{
Y2 YsX,

- [xoxx, )

)(3):< 2734 .
Y.YsYs

or any variant of ay, in each of the entries g

}’Y :{ylyzygyzl}’XY :{
ARAL

X, X, X X, X, X
OI‘{ 2 34}0[‘{ 2 34}
Xy Ya%4 X2X3Y,

X, X5 X X, X5 X
2773 4}0[‘{ 273 4}
YoXsYa X2¥3Y4
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X1X2 X3 X4
X1X2 X3 X4



Then using the previous notation we have for F1.:

XY = XY

And then for F2 if we choose the plant with the y1
expression and any other genes we can write for F2:

X @ XY = XY, X,
and

XY, =
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Then for F2, if we select the y1 dominant ones only
we have as possible results:

(XY1>ZO; there Is just one of these, with a probility of 1/8

XY, X,; there are three of these each with a probability 1/8
X @ XY =4

XY, X,; there are three of these each with probability 1/8

| XY,X,; there is one of these with probability 1/8

These are the resulting possible gene collections at
F2 when we select only one with y1 dominant and
assume no linkage and equal probability of linking.
Thus at F2 the probability of a y1 plus homozygous
for all x elsewhere is only 12.5%
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Some Mathematical Detail

@ Note that genes xn and yn are equally
likely and have probabillity Y2

@ Note that if we look at the gene talls, If
they are M in length then we have [1/2]M
for any one of them

® Note that for the combinations of O, 1, 2,
3, etc we have the binomial distribution
to provide the probability.
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We now move to F3. At this point we take only the
with y1 and then again cross with pure X. We have t
following possible crosses:

Xo @ X, ={X,
{Xo;with probability 1/2
Xo® X, = : .
X,; with probability 1/2
‘X,; with proability 1/4
X, ® X, =< X,;with probability 1/2
| X,; with probability 1/4
X, ; with probability 1/8
X,; with probability 3/8
X, ; with probability 3/8
| X,; with probability 2

X, ® X, =
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Observations

@ Note that we have probabilities of a
specific form In a current generation
being contingent upon what the form
was on the prior generation.

@ The prior discussion can be generalized
for any set of complex generations.

® However these transition probabilities
remain fixed from generation to
generation. That Is they are Markc
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Thus we can calculate for F3 the number or percent G
probability of a homozygous set of X:

Cross Prob of This | Prob of X0 in | Prob X0 at

Cross this Cross F3
X0 1/8 1 1/8

X1 3/8 Y 3/16

X2 3/8 1/4 3/32

X3 1/8 1/8 1/64

Total Prob 27/64

X0in F3

Note that with this back cross we have Y1 but w

now have a Prob of a homozygous of
from 0.125 at the prior cross.
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Now we can do this do the other three possibilities

as we did before and use this in F4. Thus:

Cross Prob of This | Prob of X1 in | Prob X1 at

Cross this Cross F3
X0 1/8 0 0

X1 3/8 Y 3/16

X2 3/8 1/2 3/16

X3 1/8 3/8 3/64

Total Prob 27/64

X1in F3




Cross Prob of This | Prob of X2 in | Prob X2 at
Cross this Cross F3
X0 1/8 0 0
X1 3/8 0 0
X2 3/8 1/4 3/32
X3 1/8 3/8 3/64
Total Prob 9/64

X2 in F3




Cross Prob of This | Prob of X3in | Prob X3 at
Cross this Cross F3
X0 1/8 0 0
X1 3/8 0 0
X2 3/8 0 0
X3 1/8 1/8 1/64
Total Prob 1/64

X3in F3




We now do F4, and again we select the plants
expressing Y1 and we again back cross with the

homozygous X. This follows the same logic we did for
F3.

This then yields a 67% Homozygous for F4 with three
genes other than the one we want impressed.
Table above can then be iterated agai
We simply use 342/512 in the.se
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Cross Prob of This | Prob of XOin | Prob X0 at
Cross in F3 this Cross F4

X0 27/64 1 27/64

X1 27/64 Yo 27/128

X2 9/64 1/4 9/256

X3 1/64 1/8 1/512
Total Prob 343/512=

X0 in F4 0.67

Reserved




Cross Prob of This | Prob of X1 in| Prob X1 at
Cross in F3 this Cross F4
X0 27/64 0 0
X1 27/64 Yo 27/128
X2 9/64 Y 9/128
X3 1/64 3/8 3/512
Total Prob 147/512=
X1lin F4 0.287




Cross Prob of This | Prob of X2in | Prob X2 at
Cross in F3 this Cross F4
X0 27/64 0 0
X1 27/64 0 0
X2 9/64 1/4 18/512
X3 1/64 3/8 3/512
Total Prob 21/512=
X2in F4 0.041




Cross Prob of This | Prob of X3in | Prob X3 at
Crossin F3 this Cross F4
X0 27/64 0 0
X1 23/64 0 0
X2 9/64 0 0
X3 1/64 1/8 1/512
Total Prob 1/512

X3in F4




Algorithm

® We now have a simple algorithm

* The column for the last cross must be iteratively
calculated for every prior step as shown

* The column for the probability at the current
cross can be calculated once, they will be
binomial in form

* The probabilities for the current and then next
cross can be calculated by summing the
products

* Note that the larger the genome in the Recurrent
the more complex and the longer the
convergence
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